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ABSTRACT  

 
The applicability and limitation of the essential work of fracture model originally 

proposed for double-notched polymer and metal specimens with full ligament yielding 
prior to failure are studied using two sets of ABS polymer results measured with three-
point-bend specimens without full ligament yielding.  The model is then extended and 
related to a simple fracture mechanics model on the local fracture energy distribution, 
which is originally developed for quasi-brittle fracture of concrete-like materials.  Both 
models lead to the conclusion that the height of the crack-tip plastic zone controls the 
fracture toughness of materials, and the specific fracture energy dissipation along a crack 
path.  
 
 
INTRODUCTION 
 

The essential work of fracture (EWF) model [e.g. 1,2] has been successfully used to 
analyze the specific fracture energy of double-notched polymer and metal specimens 
with full ligament yielding prior to failure.  Recently, EWF has also been used to the 
plane strain fracture of ABS three-point-bend (3-p-b) specimens [3] that clearly do not 
satisfy the full ligament yielding condition prior to the final failure. 

In this paper, we are going to discuss the applicability and limitation of EFW, and 
show why EFW can still be used even if the full ligament yielding is not satisfied.  The 
key argument is that the specific fracture energy Gf dealt with by EWF can always be 
determined experimentally regardless the ligament condition. 

 
SPECIFIC FRACTURE ENERGY Gf 
 

Interestingly, the quasi-brittle fracture of concrete-like materials is also frequently 
characterized by the specific fracture energy Gf as used for yield failure of polymers and 
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metals.  RILEM has set up a standard for Gf measurements of concrete [4].  Similar to 
the case of EWF for polymers and metals, a stable load (P) and load-point displacement 
() curve is required so that Gf can be evaluated from the total energy consumption over 
the initial ligament area.  

 

G f 
1

B  W  a 
 P  d        (1) 

 
where B is the specimen thickness, W is the width and a is the initial crack (or notch) 
length.  In the case of a double-notched specimen, the total width (2W) and the total 
crack length from two notches (2a), as commonly denoted, should be used. 

Clearly, the specific fracture energy Gf as used by RILEM and EWF is only an 
average fracture energy measurement, which is equivalent to assuming a constant 
fracture energy distribution over the entire fracture area.  Such a simplified assumption 
has to be limited to special material and specimen conditions.  To extend the 
applicability of the specific fracture energy Gf adopted by RILEM and EWF, a local 
fracture energy distribution concept has been proposed [5,6].  The local specific fracture 
energy gf is used to describe the energy dissipation along the crack path, over the fracture 
area of B·(W-a).  Both Gf and gf are related according the energy conservation principle. 

 

G f 
1

W  a 
 gf  dx

0

W a
        (2) 

 
If the local fracture energy distribution gf is indeed constant over the crack path, 0 < 

x < W-a, as assumed, then Gf = gf = constant, and the RILEM definition which is also 
used by EWF is valid.  Clearly, the local specific fracture energy concept extends the 
applicability of the RILEM definition and EWF. 

 
EWF: THE RELATIONSHIP BETWEEN Gf AND LIGAMENT 

 
A typical double-notch specimen used by EWF is shown in Figure 1(a).  For the 

deep notch geometry, a circular plastic zone with the radius of (W-a) prior to fracture is 
adequate.  EWF shows that the following linear relationship exists for polymers and 
metals. 

 
G f  g0  constant  (W  a)

      g0  gp
      (3) 

 
where g0 is the essential work of fracture corresponding to zero plastic zone size.  The 
non-essential work of fracture, gp, is related to the plastic zone size, which can be 
evaluated from the volume of the plastic zone for a constant plastic work density p. 
 

gp   p 
thickness  length height

thickness  length
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
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     p  constant  B  (2W  2a)  (2W  2a )
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   (4) 



 

 
FIGURE 1 (a) Common EWF specimen showing the influence of deep double notches on the plastic zone 
and then Gf, and (b) deep single notched EWF specimen showing the influence of specimen back-face on 
the plastic zone and then Gf. 
 
 

As shown by equations (3) and (4), the linear relationship between Gf and ligament 
2·(W-a) actually proves that Gf is directly related to the crack-tip plastic zone height 
measured by 2·(W-a). 

The yield condition shown in Figure 1(a) can also be satisfied by a single edge 
notched specimen either under direct tension or bending (e.g. 3-p-b) as illustrated in 
Figure 1(b), where the full ligament length is given by (W-a) and equations (3) and (4) 
are still valid.  Obviously, the full ligament yield can only be achieved for a very deep 
notch or crack.  In this case, the crack-tip condition can also be considered under the 
strong influence of the specimen back-face boundary.  When the boundary is far away 
from the crack tip, full ligament yield is not possible.  However, it has been shown that 
EWF could still be used to ABS 3-p-b specimens without full ligament yield [3], which 
shows EWF can be extended to cases without full ligament yield. 
 
BOUNDARY EFFECT MODEL AND LOCAL ENERGY DISTRIBUTION 

 
Recognition of the boundary influence from Figure 1(b) is important.  The classic 

EWF can be considered modeling the specimen back boundary influence, a case dealt 
with frequently for quasi-brittle fracture of concrete-like materials.  Similar to Gf of 
polymers and metals modeled by EWF, Gf of quasi-brittle materials like concrete is also 
found to be ligament and specimen size dependent.  The fracture process zone (FPZ) in 
front of a crack tip in a quasi-brittle material like concrete is similar to a crack-tip plastic 
zone in a ductile polymer or metal.  If a concrete specimen has a deep notch or crack as 
shown in Figure 1(b), FPZ covers the whole ligament showing the strongest back 
boundary influence.  If a crack tip is far away from the specimen back-face boundary, a 
fully developed FPZ without any back-face boundary influence is expected.  The 
RILEM Gf definition does not require the condition that FPZ has to cover the entire 
ligament area. 

A simple boundary effect model has recently been developed [7-9], based on the 
local fracture energy concept proposed by Hu and his colleagues [5,6].  The full ligament 
region in a specimen with a single edge notch or crack has been separated into the inner 
and boundary zones illustrated in Figure 2(b).  In the inner zone, the crack-tip FPZ is far 
away from the specimen back boundary, and can thus remains constant or shows no 
boundary effect.  In the boundary zone, development of the crack-tip FPZ is restricted by 

(a) Full yielding due to deep-notch influence 
 
(b) Full yielding due to specimen back-face 
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the ligament as FPZ is too close to the specimen back-face boundary.  This is akin to the 
full ligament yield in a polymer or metal specimen modeled by EWF. 

 

 
FIGURE 2 Separation of inner and boundary zones by al* in a specimen of width W and crack a. (a) 
Corresponding bi-linear local energy gf distribution in comparison with the RILEM Gf as the average 
fracture energy. (b) Variation of FPZ and its height hFPZ in the inner and boundary zones. 
 
 

If a linear function is assumed for the local specific fracture energy gf as shown in 
Figure 2(a), it can be obtained from equation (2) that: 
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where GF is the maximum stable specific fracture energy in the inner zone.  For a large 
specimen with a crack-tip away from all the specimen boundaries, GF is identical to the 
critical strain energy release rate GIC.  The transitional ligament length al

* is used to 
separate the inner and boundary zones as illustrated in Figure 2.  Clearly, in the boundary 
zone where (W-a) < al

*, equation (5) is identical to EWF or equation (3).  Therefore, the 
linear relationship between Gf and ligament (W-a) as proven by EWF implies a linear 
local fracture energy distribution over the ligament area. 
 
ANALYSIS OF ABS 3-p-b RESULTS 

 
The specific fracture energy Gf of ABS-740 was measured using 3-p-b specimens 

[3].  The span is 56 mm, depth W is 14 mm, and thickness B = 4 and 7 mm respectively.  
Two testing temperatures were 20 and 80 C. 

The 20 C results were measured using only the specimens with thickness B = 7 mm, 
and are shown in Figure 3(a).  Even after excluding the two solid points that were 
questionable as discussed by the original authors, the relationship between Gf and (W-a) 
is clearly not always linear.  Applying equation (5) to the results, it is found that g0 = 

hFPZ 

a W-a

GF = constant
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3.35 N/mm, GF = 20.6 N/mm, and the transitional ligament length al
* separating the 

inner and boundary zones is 5.8 mm.  The curve from equation (5) is also provided.  It 
should be noted the saturated specific fracture energy GF is higher than the experimental 
Gf values. 
 

 
FIGURE 3 The comparison of the Gf predicted using Eq. (5) with experimental data [3].  The solid and 
dashed curves in (b) and (c) are obtained using different g0 values and an identical g0 value as listed in 
Table 1. 
 
 

The 80 C results were measured using the specimens with thickness of 4 and 7 mm, 
and are shown in Figures 3(b) and 3(c).  Again, the relationship between Gf and (W-a) is 
clearly not linear for the results in Figure 3(b).  Two slightly different approaches are 
adopted in the present study. First, the two sets of experimental results with B = 4 and 7 
mm can be used separately to determined their own g0 and GF values.  Second, the same 
g0 can be assumed for both sets of experimental results if both specimens with B = 4 and 
7 mm satisfy either the plane stress or strain condition at the same time.  

The results from equation (5) are listed in Table 1. The saturated GF is almost 
identical for both approaches for a given thickness of either 4 or 7 mm.  The essential 
work of fracture g0 estimated appears to be thickness dependent if we assume the 
specimens with B = 4 and 7 mm are influenced by the plane stress condition.  A higher 
g0 for the specimens with thickness B = 4 mm is consistent with the well-known plane 
stress fracture toughness behavior.  The thickness dependence of GF is also consistent 
with the explanation.  The single g0 assumed to be applicable to both specimens of B = 4 
and 7 mm is 5.96 N/mm, between the two separate g0 values of 4.97 and 6.48 N/mm.  
The curves from equation (5) are plotted in Figures 3(b) and 3(c) for the two different 
approaches.  
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TABLE 1.   80 oC results from Equation (5) 
 

 Different g0 Identical g0 
B (mm) 7 4 7 4 

g0 (N/mm) 4.97 6.48 5.96 
GF (N/mm) 13.80 15.12 14.06 15.11 

al
* (mm) 3.50 7.82 4.40 7.27 

 
 

DISCUSSIONS AND CONCLUDING REMARKS 
 

The non-linear Gf measurements of ABS polymer following the EWF methodology 
have been explained by introducing the concept of local fracture energy gf distribution, 
which extends the applicability of EWF.  As a result, the full ligament yield in a polymer 
specimen prior to final failure is no longer necessary.  A linear Gf and ligament (W-a) 
relation described by EWF implies a linear local fracture energy gf distribution in the 
specimen back-face boundary region, which is directly related to the plastic zone height 
at the crack tip. 

The conclusion that the crack-tip plastic zone height controls the fracture energy 
dissipation is significant, as the same linear Gf and ligament (W-a) relation can also be 
taken as the Gf and plastic zone height relation.  This conclusion has led to a simple 
fracture mechanics model [10] recently proposed for the adhesive thickness effect on 
fracture toughness of adhesive joints, which is a case where the crack-tip plastic zone 
height is identical to the adhesive thickness. 
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