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A New Stability Criterion for a Partial Element
Equivalent Circuit Model of Neutral Type

Xian-Ming Zhang and Qing-Long Han

Abstract—This brief is concerned with stability for a partial
element equivalent circuit model of neutral type. First, the rela-
tionship between two recently established integral inequalities is
presented. Second, a new Lyapunov–Krasovskii functional is in-
troduced based on the fact that the delay interval is nonuniformly
divided into multiple subintervals, and different functionals are
chosen on different subintervals. Then, some new delay-dependent
criteria are derived. Finally, a numerical example is given to
show that the results obtained by the new stability criteria can
significantly improve some existing results.

Index Terms—Delay decomposition approach, integral inequal-
ity, neutral systems, partial-element equivalent-circuit (PEEC)
model, stability.

I. INTRODUCTION

PARTIAL ELEMENT equivalent circuits (PEECs) are play-
ing an increasingly important role in many practical appli-

cations, particularly in combined electromagnetic and circuit
analysis (see [1] and [2] and the references therein). In this
brief, we consider a small PEEC model for metal strip in
Fig. 1(b) and borrow this model from Bellen et al. [3]. This
small PEEC model represents a full-wave equivalent circuit for
the small metal strip that is discretized into two cells, as shown
in Fig. 1(a).

Considering retarded mutual coupling between partial induc-
tances of the form Lpij(d/dt)(iLj

(t − τ)) and retarded depen-
dent current sources of the form pij/piiicj(t − τ), we have
the following differential equation [4] by applying Kirchhoff’s
voltage law and Kirchhoff’s current law:⎧⎨
⎩

−Avn(t) − RiL(t) − Lpnr
diL(t)

dt = vs(t) + Lpr
diL(t−τ)

dt

Cs
dvn(t)

dt + Pn,nrGlvn(t) − Pn,nrA
T iL(t)

= Pnis(t − τ) − Pn,rGlvn(t − τ) + Pn,rA
T iL(t − τ)

(1)

where vn denotes the potentials to infinity, iL is the (inductive)
current flowing in volume cells, vs is the vector of voltages
induced by the external electric field, is is the vector of lumped
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Fig. 1. (a) Metal strip with two Lp cells (three capacitive cells, dashed).
(b) Small PEEC model for the metal strip [3].

current sources, A is the connectivity matrix, R is a diagonal
matrix containing the resistances of volume cells, Cs is the di-
agonal matrix containing the pseudo self-capacitances, and Gl

represents the matrix of lumped conductances. Lp = Lpnr +
Lpr is the partial inductance matrix, and Pn = Pn,nr + Pn,r

is the dense matrix containing the normalized coefficients of
potentials, where the suffixes nr and r mean not retarded and
retarded, respectively. Let

y(t) =
[
vn(t)
iL(t)

]
u(t, t − τ) =

[
vs(t)

is(t − τ)

]
.

Rewrite (1) as

C0ẏ(t)+G0y(t)+C1ẏ(t−τ)+G1y(t−τ)=Bu(t, t−τ) (2)

where C0, C1, G0, G1, and B are some matrices of appropriate
dimensions, and the delay τ is a positive constant. The initial
condition is defined as y(t) = g(t), which is a continuously
differential vector-valued function on the interval [t0 − τ, t0],
where t0 is the starting time. The associated delay differential
equation of neutral type is{

ẏ(t) = Ly(t) + My(t − τ) + Nẏ(t − τ), t ≥ t0
y(t) = g(t), t ∈ [t0 − τ, t0]

(3)

where L, M , and N are the coefficient matrices of appropriate
dimensions. In what follows, without loss of generality, we set
t0 = 0.

In the last decade, the delay-dependent stability for a neutral
system, such as (3), has widely been studied by employing
the Lyapunov–Krasovskii functional method. The main aim
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is to obtain a maximum admissible upper bound (MAUB) of
the delay τ , which guarantees the considered system to be
asymptotically stable. Therefore, the MAUB becomes an im-
portant performance index to measure the conservatism of the
delay-dependent stability criterion. System (3) is investigated
in [3] for its contractivity and asymptotic stability by utilizing
a suitable reformulation of the system, where some delay-
independent stability conditions were obtained. By transform-
ing the system into a descriptor system, some delay-dependent
stability conditions were derived in [5]. In [6], some delay-
dependent and delay-independent criteria were established by
using some bounding techniques for cross terms.

Define C as the set of continuous-valued functions on the
interval [−τ, 0], and let yt ∈ C be a segment of system trajectory
defined as

yt(θ) = y(t + θ), θ ∈ [−τ, 0]. (4)

To avoid model transformations and bounding techniques
for some cross terms, Han [7] chose the following Lyapunov–
Krasovskii functional:

Ṽ (yt) = yT (t)Py(t) + τ

0∫
−τ

t∫
t+θ

ẏT (s)Rẏ(s)dsdθ

+

t∫
t−τ

yT (s)Qy(s)ds +

t∫
t−τ

ẏT (s)Sẏ(s)ds (5)

where P > 0, R > 0, Q > 0, and S > 0. However, the derived
results in [7] have slight improvements over some existing
results. How to significantly improve some existing results moti-
vates this brief. It seems that, in using the Lyapunov–Krasovskii
functional [see (5)], one cannot realize the purpose. To signifi-
cantly improve the existing delay-dependent stability criteria,
we should seek a new Lyapunov–Krasovskii functional. Re-
cently, a delay decomposition approach [8], [9], [11] has been
proposed to study the stability of linear time-delay systems.
The idea of the approach [8], [9] is that the delay interval is
uniformly divided into multiple segments, and proper function-
als are chosen with different weighted matrices corresponding
to different segments in the Lyapunov–Krasovskii functional.
Based on the delay decomposition approach, some much less
conservative delay-dependent stability criteria [8] for linear
time-delay systems are derived. In this brief, we extend the
approach to nonuniformly divide the delay interval into multi-
ple segments and to choose different functionals with different
weighted matrices for different segments. More specifically, we
construct a new Lyapunov–Krasovskii functional as follows.
Let q be a finite positive integer, and let τj (j = 0, 1, 2, . . . , q)
be nonnegative integers satisfying

0 = τ0 < τ1 < τ2 < · · · < τq = τ.

The delay interval [−τ, 0] can be expressed as the union of q
subintervals, i.e.,

[−τ, 0] =
q⋃

j=1

[−τj ,−τj−1].

Then, a new Lyapunov–Krasovskii functional is intro-
duced as

V (yt) =
[

y(t)
y(t − τ)

]T

P

[
y(t)

y(t − τ)

]

+
q∑

j=1

(τj − τj−1)

−τj−1∫
−τj

t∫
t+θ

ẏT (s)Rj ẏ(s)dsdθ

+
q∑

j=1

t−τj−1∫
t−τj

yT (s)Qjy(s)ds

+

t∫
t−τ

ẏT (s)Sẏ(s)ds (6)

where

P =
[

P1 P2

PT
2 P3

]
≥ 0, P1 > 0

Rj > 0, Qj > 0 (j = 1, 2, . . . , q), and S > 0.
From (6), one can see the following: 1) the first term

augments both state y(t) and delayed state y(t − τ), which
is inspired by [10]; 2) compared with the second and third
terms in Ṽ (yt), different Lyapunov matrices Rj and Qj in
V (yt) are chosen on different subintervals [−τj ,−τj−1]; and
3) the last term in V (yt) is the same as the term in Ṽ (yt)
to compensate the neutral term. In this brief, we will apply
the new Lyapunov–Krasovskii functional to derive some new
delay-dependent stability criteria for the PEEC model.

For simplicity, a symmetric term in a symmetric matrix is
denoted by �, e.g., [

X Y
� Z

]
=

[
X Y
Y T Z

]

and the other notations are routine ones.

II. TWO INTEGRAL INEQUALITIES AND THEIRRELATIONSHIP

In this section, we first present two recently established
integral inequalities that are useful in deriving delay-dependent
stability criteria. Then, we disclose the relationship between
the two integral inequalities. For this purpose, we introduce an
integral inequality that is slightly different from that in [13].

Lemma 1 [13]: Let X = XT > 0 be a constant real n × n
matrix, and suppose ẋ : [−h, 0] → R

n with h > 0 such that the
subsequent integration is well defined. Then, for any constant
real n × n matrices W1 and W2, the following integral inequal-
ity holds:

−h

t∫
t−h

ẋT (s)Xẋ(s)ds ≤ χT (t)L1χ(t) (7)

where, hereafter, χ(t) := [xT (t) xT (t − h) ]T , and

L1 :=
[

WT
1 + W1 −WT

1 + W2

� −WT
2 − W2

]
+

[
WT

1

WT
2

]
X−1

[
WT

1

WT
2

]T

.

(8)
In [7], Han derived the following integral inequality.
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Lemma 2 [7]: Let X = XT > 0 be a constant real n × n
matrix, and suppose ẋ : [−h, 0] → R

n with h > 0 such that the
subsequent integration is well defined. Then, we have

−h

t∫
t−h

ẋT (s)Xẋ(s)ds ≤ χT (t)L2χ(t) (9)

where

L2 :=
[
−X X
� −X

]
. (10)

We now compare (7) and (9). Notice that if one sets W1 =
−X and W2 = X in (7), then (7) becomes (9). Notice also that
a significant difference between (7) and (9) is that two free ma-
trices are introduced in (7), whereas no free matrix is involved
in (9). Therefore, (7) provides a set of upper bounds for the
integral term −h

∫ t

t−h ẋT (s)Xẋ(s)ds due to free matrices W1

and W2. Denote the set of upper bounds as

S :=
{
χT (t)L1χ(t)|∀ W1,W2 ∈ R

n×n
}

.

Then, letting J := χT (t)L1χ(t), we have

−h

t∫
t−h

ẋT (s)Xẋ(s)ds ≤ J ∈ S. (11)

From (9), one can see that it provides an upper
bound J0 := χT (t)L2χ(t) for the same integral term
−h

∫ t

t−h ẋT (s)Xẋ(s)ds. The natural question is what kind
of relationship exists between J0 and S. The answer to the
question is based on the following two facts.

Fact 1:

J0 ∈ S.

Proof: If we set W1 = −X and W2 = X in L1, then L1

reduces to L2. Thus, J0 ∈ S. �
Fact 2:

J0 = min
W1,W2∈Rn×n

S.

Proof: For the sake of convenience, introduce W :=
[W1 W2] and E := [I − I]. Then, L1 and L2 can be
rewritten as L1 = WT E + ET W + WT X−1W and L2 =
−ET XE. After some simple algebraic manipulation, we have

L1 − L2 = (WT + ET X)X−1(W + XE) ≥ 0 (12)

which means that L2 ≤ L1. Consequently, χT (t)L2χ(t) ≤
χT (t)L1χ(t), from which one can see that the conclusion of
Fact 2 is true. �

From Facts 1 and 2, we conclude that, for the integral term
−h

∫ t

t−h ẋT (s)Xẋ(s)ds, its upper bound J0 := χT (t)L2χ(t)
provided by (9) is the least upper bound provided by (7). Thus,
when introducing free matrices to derive a stability criterion,
one cannot guarantee that the more free matrices, the less
conservative stability conditions. In this brief, we will use (9)
to investigate delay-dependent stability for the PEEC model
[see (3)].

III. STABILITY CRITERIA

In this section, we employ the Lyapunov–Krasovskii func-
tional [see (6)] to derive some new delay-dependent stability
criteria for the PEEC model. To guarantee the existence and
uniqueness of the solution of system [see (3)] [12], we need the
following assumption.

Assumption 1: The spectrum radius of matrix N is less
than 1, i.e., ρ(N) < 1.

Introduce a new vector as

ξ(t) = [ yT (t)yT (t − τ1) · · · yT (t − τq)ẏT (t − τ) ]T .

Let ei, i ∈ {1, . . . , q + 2}, be row vectors, with the ith block
being an identity matrix and the others being zero blocks such
that y(t) = e1ξ(t), y(t − τ1) = e2ξ(t), and so on. Then, we
rewrite the first equation in (3) as

ẏ(t) = Γξ(t) (13)

where

Γ := Le1 + Meq+1 + Neq+2. (14)

We now state and establish a new delay-dependent stability
criterion.

Preposition 1: Under Assumption 1, for a given scalar τ >
0, the system (3) is asymptotically stable if there exist some real
matrices

P =
[

P1 P2

� P3

]
≥ 0, P1 > 0

S > 0, and Rj > 0, Qj > 0 (j = 1, 2, . . . , q) of appropriate
dimensions such that

Φ :=

⎡
⎢⎢⎢⎢⎣

Ξ ΓT S (τ1 − τ0)ΓT R1 · · · (τq − τq−1)ΓT Rq

� −S 0 · · · 0
� � −R1 · · · 0
...

...
...

. . .
...

� � � · · · −Rq

⎤
⎥⎥⎥⎥⎦

< 0 (15)

where

Ξ :=
[

e1

eq+1

]T

P

[
Γ

eq+2

]
+

[
Γ

eq+2

]T

P

[
e1

eq+1

]

+
q∑

j=1

[
eT
j Qjej − eT

j+1Qjej+1

]
− eT

q+2Seq+2

−
q∑

j=1

(ej+1 − ej)T Rj(ej+1 − ej).

Proof: Taking the derivative of V (yt) in (6) with respect
to t along the trajectory of the system in (13) yields

V̇ (yt) = ξT (t)Ω1ξ(t) −
q∑

j=1

(τj − τj−1)

t−τj−1∫
t−τj

ẏT (s)Rj ẏ(s)ds

(16)
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where

Ω1 :=
[

e1

eq+1

]T

P

[
Γ

eq+2

]
+

[
Γ

eq+2

]T

P

[
e1

eq+1

]

+
q∑

j=1

[
eT
j Qjej−eT

j+1Qjej+1+(τj − τj−1)2ΓT RjΓ
]

+ΓT SΓ−eT
q+2Seq+2.

Use the integral inequality in (9) to obtain

−(τj − τj−1)

t−τj−1∫
t−τj

ẏT (s)Rj ẏ(s)ds

≤ −ξT (t)(ej+1 − ej)T Rj(ej+1 − ej)ξ(t). (17)

Substituting (17) into (16) yields

V̇ (yt) ≤ ξT (t)ΩξT (t) (18)

where

Ω :=
[

e1

eq+1

]T

P

[
Γ

eq+2

]
+

[
Γ

eq+2

]T

P

[
e1

eq+1

]

+
q∑

j=1

[
eT
j Qjej − eT

j+1Qjej+1+(τj − τj−1)2ΓT RjΓ
]

+ΓT SΓ−eT
q+2Seq+2−

q∑
j=1

(ej+1−ej)T Rj(ej+1−ej).

If (15) is feasible, then applying the Schur complement yields
Ω < 0. Then, there exists a scalar λ > 0 such that V̇ (yt) ≤
ξT (t)ΩξT (t) ≤ −λξT (t)ξ(t) ≤ −λyT (t)y(t) < 0 for y(t) �=
0, from which we can conclude that the system in (3) is
asymptotically stable. This completes the proof. �

As the special case of delay decomposition on the delay in-
terval [−τ, 0] =

⋃q
j=1[−τj ,−τj−1], let τj − τj−1 = (τ/q)(j =

1, 2, . . . , q). In this case, we have the following corollary.
Corollary 1: Under Assumption 1, for a given scalar τ > 0,

the system in (3) is asymptotically stable if there exist some real
matrices

P =
[

P1 P2

� P3

]
≥ 0, P1 > 0

S > 0, and Rj > 0, Qj > 0 (j = 1, 2, . . . , q) of appropriate
dimensions such that

Υ :=

⎡
⎢⎢⎢⎢⎣

Ξ ΓT S τ
q ΓT R1 · · · τ

q ΓT Rq

� −S 0 · · · 0
� � −R1 · · · 0
...

...
...

. . .
...

� � � · · · −Rq

⎤
⎥⎥⎥⎥⎦ < 0 (19)

where Ξ is defined in Proposition 1.
As is well known, uncertainty inevitably exists in a practical

system, as does a PEEC model [6]. In the remaining part of
this section, we will extend Proposition 1 to formulate a robust
stability criterion for a PEEC model with parameter uncertainty.
For polytopic uncertainty, it is sufficient for (15) to be satisfied

for all the vertices. Considering norm-bounded uncertainty, the
PEEC model can be described by⎧⎨
⎩

ẏ(t) = (L + ΔL)y(t) + (M + ΔM)y(t − τ)
+(N + ΔN)ẏ(t − τ),

y(t) = g(t), t ∈ [−τ, 0]
(20)

where uncertainty matrices ΔL, ΔM , and ΔN satisfy

[ΔL, ΔM, ΔN ] = DF [E1, E2, E3] (21)

where D, E1, E2, and E3 are constant real matrices, and F :=
F (t) is a time-varying and unknown real matrix with Lebesgue
measurable elements satisfying FT F ≤ I .

Applying Lemma 1 in [7] and following the same proof
process, we can derive a robust stability result for the uncer-
tainty system in (20).

Preposition 2: The system described in (20) and (21) is
robustly stable if there exist some real matrices

P =
[

P1 P2

� P3

]
≥ 0, P1 > 0

S > 0, Rj > 0, and Qj > 0 (j = 1, 2, . . . , q) of appropriate
dimensions and scalars ε1 > 0 and ε2 > 0 such that

⎡
⎣−I + ε1E

T
3 E3 NT 0

� −I D
� � −ε1I

⎤
⎦ < 0 (22)

⎡
⎣ Φ Θ1 ε2ΘT

2

� −ε2I 0
� � −ε2I

⎤
⎦ < 0 (23)

where φ is defined in (15), and

Θ1 :=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

[
e1

eq+1

]T

P

[
D
0

]

SD
(τ1 − τ0)R1D

...
(τq − τq−1)RqD

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(24)

Θ2 := [E1e1 + E2eq+1 + E3eq+2 0 0 · · · 0 ] . (25)

Similar to Corollary 1, we have the following result.
Corollary 2: The system described in (20) and (21) is ro-

bustly stable if there exist some real matrices

P =
[

P1 P2

� P3

]
≥ 0, P1 > 0

S > 0, Rj > 0, and Qj > 0 (j = 1, 2, . . . , q) of appropriate
dimensions and scalars ε1 > 0 and ε2 > 0 such that (22) and

⎡
⎣ Υ Θ̃1 ε2ΘT

2

� −ε2I 0
� � −ε2I

⎤
⎦ < 0 (26)

where Υ and Θ2 are defined in (19) and (25), respectively, and

Θ̃1 :=
[(

D
0

)T

P

(
e1

eq+1

)
DT S τ

q DT R1 · · · τ
q DT Rq

]T

.
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TABLE I
ACHIEVED MAUBs τmax FOR DIFFERENT β FOR α = 0

TABLE II
ACHIEVED MAUBs τmax FOR DIFFERENT β WHEN α = 2

Remark 1: Propositions 1 and 2 and Corollaries 1 and 2
provide some new stability and robust stability criteria for
small PEEC models (3) and (20), respectively. Clearly, these
criteria depend on the value of q. The larger q is, the higher
the computational complexity becomes. From the numerical
results in the next section, one can see that taking q = 2 is the
tradeoff between less conservative results and computational
complexity.

Remark 2: It should be mentioned that the proposed method
can be extended to large PEEC models with multiple time
delays to formulate some delay-dependent stability criteria.
Due to page limitation, this work is omitted.

IV. NUMERICAL EXAMPLE

In this section, we will show significant improvements over
some existing results in the literature through a numerical
example borrowed from [3] and [6]. Consider the system
in (20) with

L = 100 ×

⎡
⎣ β 1 2

3 −9 0
1 2 −6

⎤
⎦

M = 100 ×

⎡
⎣ 1 0 −3
−0.5 −0.5 −1
−0.5 −1.5 0

⎤
⎦

N =
1
72

×

⎡
⎣−1 5 2

4 0 3
−2 4 1

⎤
⎦

D = αI E1 = I E2 = I E3 = 0

where β < 0, and α ≥ 0.
First, we consider the nominal system, which means that α =

0. For β = −7, the MAUB τmax of the delay, which guarantees
the asymptotic stability of the system, was given as 0.43 in [14].
It has been concluded in [3] that this system is asymptotically
stable independent of the size of delay τ , but when β was
increased to −4, the criteria fail to make any conclusion. For
various β values, Han [6] and Yue and Han [5] calculated the
MAUBs τmax, which are listed in Table I. For comparison, we

use Corollary 1 to calculate the MAUB, and the obtained results
are also listed in the table. Clearly, from this table, we found
that Corollary 1 in this brief can achieve much less conservative
results than those in [5] and [6].

Next, we consider the uncertain system with α = 2. Table II
lists the MAUBs τmax using the criteria in [5] and [6] and
Corollary 2 for different β values.

From Tables I and II, one can clearly see that, for this exam-
ple, the delay-dependent criteria in this brief can provide much
less conservative results than those in [3], [5], [6], and [14].

V. CONCLUSION

This brief has investigated the stability of a neural-type
PEEC model. The relationship between two integral inequali-
ties was initially discussed. Then, a new Lyapunov–Krasovskii
functional has been introduced to derive much less conservative
stability conditions. Finally, a numerical example developed
from existing research and informed by the discussion in this
brief has demonstrated that the new stability criteria can signif-
icantly improve some existing results previously outlined in the
reference literature.
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