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Delay-Dependent Robust /. Filtering for Uncertain
Discrete-Time Systems With Time-Varying Delay
Based on a Finite Sum Inequality

Xian-Ming Zhang and Qing-Long Han

Abstract—This brief is concerned with delay-dependent robust
H, filtering for uncertain discrete-time systems with time-
varying delay. The uncertainty is of convex polytopic type. By
establishing a finite sum inequality based on quadratic terms, a
new delay-dependent bounded real lemma (BRL) is derived. In
combination with a parameter-dependent Lyapunov-Krasovskii
functional, which allows the Lyapunov-Krasovskii matrices to
be vertex dependent, the obtained BRL is modified into a new
version to suit for convex polytopic uncertainties. Neither model
transformation nor bounding technique for cross terms is in-
volved. Based on the new BRL, the designed filter is provided in
terms of a linear matrix inequality (LMI), which is easily solved
by Matlab LMI toolbox. A numerical example is given to illustrate
the effectiveness of the proposed method.

Index Terms—Discrete-time linear systems, H .., filtering, linear
matrix inequality (LMI), stability, time-varying delay.

I. INTRODUCTION

HE topic of H filtering for systems has been widely in-
T vestigated in the past decade (see, for example, [2], [5], [6],
[9], [12], and references therein). The aim is to design a suitable
and stable filter to minimize the H ., norm such that the induced
L2/l gain from the noise signal to the estimation error is less
than a prescribed level. Some approaches to this issue, such as
the algebraic Riccati equations/inequalities, interpolation, and
linear matrix inequalities (LMlIs), have been developed in the
recent years.

A great number of practical systems are unavoidably subject
to uncertainties and delays, which usually degrade the perfor-
mance of the systems under consideration. Therefore, the robust
H, filtering for uncertain systems with time delay have been
focused on recently. For discrete-time systems with time delay,
some sufficient conditions were obtained for the existence of
the desired filters [3], [4], [8], [10]. However, these conditions
are delay independent, which are conservative, especially for
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small delay. In [1], a model transformation approach incorpo-
rating with Moon’s inequality to bound some cross terms was
employed, and some delay-dependent conditions were derived
to design the desired H filter. As is well known, these condi-
tions may be also conservative due to the model transformation
and bounding technique for cross terms. Moreover, the afore-
mentioned results were established under the assumption that
the delay was constant; when the delay is time varying, they
are inapplicable. To the best of our knowledge, no delay-depen-
dent filtering result for discrete-time systems with time-varying
delay has been reported in the open literature.

In this brief, we will design the delay-dependent H ., filter for
discrete-time systems with time-varying delay. A new sufficient
criterion for the existence of a suitable H, filter will be ob-
tained by introducing a new finite sum inequality, which avoids
using both model transformation and bounding technique for
cross terms. A numerical example will be given to show that the
obtained results are less conservative than some existing ones.

Notation: The symmetric term in a symmetric matrix is de-
X Y} _ [ X Y

noted by *, e.g., [* 7 vT gz

] . The other notations

are routine ones.

II. PROBLEM STATEMENT

Consider the following uncertain discrete-time system with
time-varying delay:

sk + 1) = Agw(k) + Avz (k — h(k)) + Bruw(k)
(k) = Cox(k) + Cix (k — h(k)) + Baw(k)

2(k) = Lox(k) + L1z (k — h(k‘)) + B3w( )
(k) = ¢(k),  k=—h,—

v (1)

N

k

x

where z(k) € R™ is the state vector, y(k) € R™ is the measured
output, 2(k) € RP is the signal to be estimated, w(k) € R?
is assumed to be an arbitrary noise signal in lo, {¢(k), k =
—h,—h+1,...,0}is aknown given initial condition sequence,
and h(k) is a positive integer time-varying delay satisfying

0<h<h(k)<h< oo, E=1,2,.... )

Denote d := h — h. Clearly, d = 0 means that the time-delay
h(k) is time invariant.

The system matrices are supposed to be uncertain and un-
known but belong to a known convex compact set of polytopic

type, i.e.,

X = (Ao, A1, B1, Co, C1, Ba, Lo, L1, B3) € Q 3
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where

{X|X Zpl)@» sz—l Pi 20}

with x; := (Aoi, A1i, B1i, Coi, Chi, Bai, Loi, L1, Bs;), which
denotes the ith vertex of the polyhedral domain 2.

Suppose that system (1) is robustly asymptotically stable over
the entire polytopic domain 2. In this case, we will design a full-
order filter with state-space realization of the following form:

i(k+1) = Agi(k) + Byy(k).  #(0)=0
5(k) = O (k) + Dyy(k)

where constant matrices Ay € R™*", By € R**™, Cy €
RP*™, and Dy € RP*™ are filter parameters to be determined.

Defining the augmented state vector (k) =
[#T (k), 2T (k)]T and the estimation error Z(k) := z(k) — 2(k),
one obtains the following filtering system:

#(k+1) = Agz(k) + A1 Ed (k — h(k)) + Brw(k)
(k) = Lo#(k) + L1Ez (k — h(k)) + Byw(k) )
#(k) = [¢7(k),0]", k=—h,—h+1,...,0
where E = [I 0] and

- [ A4 o0 - [ A

o= {cho Af]’ = {chl]

- B -

By = {Bﬁ%}’ Lo=[Lo—DsCo —Cf]

Ly =L, —D;Cy, Bs=Bs— D;B,.

The purpose of this brief is to design a robust filter of the form
(4) such that the system (5) has a prescribed H,, performance
for all uncertainties satisfying (3).

1) System (5) with w(k) = 0 is asymptotically stable.

2) System (5) has a prescribed level v of H, noise attenua-

is satisfied for any nonzero w € [s.
In the following, we introduce two vectors:

¢(k) = [aT(k) 2T (k- h(k) BT wT(k)]"
g(k) ==a(k +1) — i(k)
then
T(k+1) =T1&(k), FEylk)=T2¢(k), 2Z(k) :F3€(k)6
(6)
where
I :=[4y A Bi]
Iy:=[(Ag—D)E A, Bi]
I3:=[Ly L1 Bs]

The following lemma gives the relationship between the vec-
tors £(k) and E7(k), which will play a key role in the delay-de-
pendent H, performance analysis.
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Lemma 1: For any constant matrices M := [M; M| €
R M3 € R, W € R"*¢, R € R"*" with R > 0, and
a positive integer time-varying h(k), then

k—1
- > §TGETRE}()
=k—h(k)
<R {3+ E)YTRTIY FE(R) (D
where
MTE+E™ -MT+ETMs ET™W
3= * —MI—Ms;  -W | (8
% * 0
Y:=[M Ms; WJ]. )
1/2 —1/2
Proof: LetC = {R R Y],then
0 0
R Y r
[YT YTR—lY] =Ccc=0

It follows that

ST ] (2] 20
Notice that (10)

k-1

ST 2 (Y TEG(k) = 26" (WYTIE —1 0Jé(k).

j=k—h(k)

Rearranging (10) yields (7). [ ]

III. H,, PERFORMANCE ANALYSIS

Based on Lemma 1, a new delay-dependent condition on H
performance analysis is derived, which can guarantee that the
filtering system (5) has a prescribed H, performance +y.

Proposition 1: Given v > 0, the system (5) with x €
is asymptotically stable with a guaranteed H ., performance
if there exist real matrices P > 0, R > 0, Q > 0, M :=

[My; Ms], M3, and W with appropriate dimensions such that
= 1
[* A} <0 (11)
where
-Ell 512 ETW
== * :22 -Ww
| x * —~2I
ThMT  hET(Ag - DT LY AT
IM:= | hMT hAT LT AT
AW BT BT BT
A :=diag{—hR,-hR™' —I,—P7'}
En=MTE+ETM - P+ (d+1)ETQE
512 = — MT + ETM3
522 = —M;—Mg—Q.
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Proof: Choose a Lyapunov—Krasovskii functional candi-
date as

V(k) = Vi(k) + Va(k) + Va(k) + Va(k) (12)
where
Vi(k) =37 (k)Px(k
0 k—1
= > §" () ET REg(j)
6=—h+1 j=k—146
k—1
Vs(k) = D a7 ()ETQE(i)
i=k—h(k)
—h+1
= > Z (NETQE(I)
j=—h+2 l=k+j-1
with P > 0, R > 0, and @ > 0 are to be determined.
Taking the forward difference AV (k) = V(k+ 1) — V(k)
along the trajectory of system (5) yields
AVi(k) =27 (k + 1) Pa(k + 1) — &7 (k) Pi(k)
=T (KT PTaé(k) — 27 (k)Pa(k)  (13)
AVa(k) = th( )05 RU2¢ (k)
-1
- 7 () ETRE(). (14)
j=k—h
Noting that h(k) < h from (2), we derive
k—1 k—1
- Y Yy ORyG) < - D vTRyG).  (5)
j=k—h j=k—h(k)
Use Lemma 1 to obtain
AVa(k) < &(k) {RTT RU> + RYTR™'Y 4+ 3} &(k)  (16)

where J and Y are defined in (8) and (9), respectively. Similar
to [11], we have

AVs(k) + AVi(k) < (h = b+ 1)i" (k) ETQEx (k)

—&" (k= h(k)) ETQEZ (k — h(k)). (17)
Combining (13), (16), and (17), one obtains
AV (k) = y*w (k)w(k) < €7 (k)
x {E+TTPIy +hIJRT, + AYTRT'Y }E(K)  (18)

where = is defined in (11).
We first show that the system (5) with w(k) = 0 is asymptot-
ically stable. In fact, (11) implies

Z11 E1p AMT RET(Ag-DT AT

« S hMT RAT AT

* * —hR 0 0 <0. (19)
* * * —hR 1 0

* * * * -p1
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Using Schur complement and considering (18) with w(k) = 0
yields AV (k) < 0, which guarantees the asymptotic stability
of (5) with w(k) = 0.

Next, assuming that under zero initial condition, [|Z]js <
y||w||2 is satisfied for any nonzero w € [;. Noting that
2T (k)z(k) = €T (k)ITT3¢£(k), rewrite (18) as

AV (k) — Y wT (B)w(k) + 2T (k)2(k) < €T (k)
x {E+ rlTprl +hI3 Rl + 515 + RYTR™'Y } €(k)

Thus, if (11) holds, using Schur complement yields

AV (k) < Y*wh (k)w(k) — 27 (k)z(k). (20)
Summing both sides of (20) from 0 to oo, we obtain
> T (R)E(k) < > 7w (k)w(k) + V(0) = V(c0). (1)
k=0 k=0
Under zero initial condition, V(0) = 0, one obtains
S A (k)z(k) < >y Pw” (22)
k=0 k=0

Z|l2 < 7y||w]|2 is true for all nonzero w(k) € Iz, which
completes the proof. ]

Remark 1: From the proof process of Proposition 1, one can
clearly see that neither model transformation nor bounding tech-
nique for cross terms is involved. Therefore, the obtained result
is expected to be less conservative.

To exploit parameter-dependent Lyapunov—Krasovskii func-
tionals to handle the polytopic uncertainties, using the idea in
[7] by introducing two slack variables H; and H», we can con-
clude that the matrix (11) is implied by

* [1]
=

[ ] <0 (23)
where
AMT RET(Ay—I)THT LT ATHT
I:= | hMf hATHT LT ATHT
W™ hBTHT BT BTHY

A :=diag {~hR,h (R — H{ - H,) ,—I,P — Hf — H,}.
Then, employing parameter-dependent Lyapunov—Krasovskii
functionals yields the following conclusion.

Proposition 2: Given v > 0, the filtering system (5) with
(2) is asymptotically stable with a guaranteed ~y level of noise
attenuation for all uncertainties satisfying (3) if there exist real
n X nmatrices P; > 0, R; > 0,Q; >0, Mj; (j =1,2,3), Hy,
Hs, and n x ¢ matrices W; such that forz = 1,2,...,r

[* [\J<0 (24)
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where
[Z11i B ETW;
Eii= ] x B —W
| * * —fyZI
ThMT  RET(Ag — DTHT LT, AT HT
I := | AME hAT.HT LT, ATLHT
AW E hBLHT BT BLHT

A; :dlag{—BRz,iL (Ri—HlT_Hl) 7_-[7Pi_H2T_H2}

Eini=MFE+ETM; — P, + (d+ 1)ETQ,E
Eroi = — M + ET M,
Sg9i i= — Myg; — Mz — Q;

M; :=[My; Moy).

1V. H, FILTER DESIGN

In this section, based on Proposition 2, we present the fol-
lowing sufficient condition for the existence of a desired filter
of form (4).

Proposition 3: Consider the system (1) with uncertainties (3),
an admissible robust H filter of the form (4) exists if there exist
Pu ?’i > 0 with Py, Po;, Py € R™", R; > 0,

3i
Qi > 0, Myi, Ma;, Ms;, Hy, Fi, F2, A € R"", and matrices
W; e R"*9, B e R"*™,C € RP*™, and D; € RP*™ such that
fore =1,2,...,r

matrix [

O1; Oy O3
\I/Q,; = * @47‘, 0 <0 (25)
ES * @51'
where
Fpi My — P M + Ms; Wi
o) . * —Pgi —Mé": 0
S My -ML-Q; -W,
L * * * —2I
ThME  h(Ag; — NTHT LT - COTiD?
o hIE 0 T
2= | >
hMZ hAT.HT LT — ClTiDJT
LhWT  hBLH{  Bj — BEDY
rATXT + cEBT  ALFL + CcEBT
AT AT
C] i =
’ ATXT 4 CLBT AT FT 4+ OLBT
| BLXT + BLBT BLFI+ BLBT
©4; :=diag {~hR; h (R; — H{ — H,),-1I}
O e Py — X —X, Py—FL-F
51 * P3,L' — Fg — Fg
@i =ML + My; — P+ (d+1)Q;.
Moreover, a suitable filter realization is given by
Ay =AF;', By=B, C;=CF;', D;=Dy. (26)
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Proof: We are about to prove the conclusion using Propo-
sition 2. If the matrix inequality (24) is true, then Hy+ HY > 0.
Partition Ho as

X X
=3 %]

where X1, Xy € R"*" Then, X4 + X7 > 0, from which we
can deduce that X, is invertible. Define

I 0 _
J = |:0 X2X4—l:| ) Fl = X2X4 1X3
Fo:=XoX;TXT My := My X7 XT
T :=diag{J,I,1,1,1,1,J}, {PlTi P‘“} = JPJT
Py Py

and let

A= XA X" XT

B = XQBf (27)
C:=0px,; TXT.
Then, we have
TULTT = Uy, i=1,2...,7 (28)

where Uq; and Uy, are defined in (24) and (25), respectively. If
(25) holds, i.e., ¥y; < 0, then ¥y; < 0 is true. Therefore, the
filtering system (5) has a prescribed H ., performance ~.

On the other hand, clearly, the filter parameters A¢, By, C,
and Dy are implicit in (27) except that D¢ can be directly ob-
tained from (25). To solve the other filter parameters A, By,
and CY, at first, it is obvious that X is invertible from (28) if
(25) is feasible, then the filter parameters A¢, By, and Cf can
be rewritten as

Ay = X5 AFSTX,

By =X,'B (29)
Cp=CFy X5t
Since the following systems are algebraically equivalent:
A; | By X; AR X, | X5'B
¢ | oy || cer'xst | by
AF;! B
= n (30)
CFy Dy
thus a state-space realization as (26) of the desired filter is
readily obtained from (30), which completes the proof. ]

Remark 2: Proposition 3 provides a delay-dependent condi-
tion to design a suitable H filter for uncertain discrete-time
systems with time-varying delay. This condition depends on the
upper bound as well as the lower bound of the time-varying
delay. Thus, when these bounds are available, Proposition 3 can
achieve less conservative results. Moreover, if the lower bound
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TABLE I ~
ACHIEVED MINIMUM H . LEVEL “pnin FOR DIFFERENT i WHEN h = 5
h 1 2 3 4 5
Ymin 7.1709 | 5.4786 | 4.4587 | 3.7035 | 3.3957
TABLE II

ACHIEVED MINIMUM H o LEVEL 7Ymin OF Ho, NOISE ATTENUATION
CORRESPONDING TO DELAY UPPER BOUNDS 7

h 1 2 3 4 5 6 7 8
[4] 232 | 249 | 285 | 343 | 431 | 561 | 855 00
Prop 3 230 | 239 | 259 | 293 | 340 | 406 | 537 | 825

is not exactly known, we can replace it with zero; if the lower
bound is equal to the upper bound, then the delay is time in-
variant. In this sense, Proposition 3 can handle the H, filtering
for a large class of discrete-time systems.

V. NUMERICAL EXAMPLE

Example : Consider system (1) with

0.9 0 —-0.1
AO:[O 0.7+<,0:|’ Al:{—m —8.1}
Co=1[1 1], C, =[0.2 0.5] (32)
Lo=1[1 2], Ly =[0.5 0.6]
By =[0 1]%, By=1, B3=-05.

The uncertain parameters satisfy |¢| < 0.2 and |p| < 0.1.

When h(k) is time varying, the results in [1] are inapplicable
to this case. However, using Proposition 3, the achieved H .,
performances v,i, of the filtering system are listed in Table I
for different lower bounds h when h = 5. It is clearly shown
from this table that 7,,;,, decreases as h increases.

We now suppose that the delay h := h(k) is time invariant.
We calculated the achieved H ., performance ~,;, of filtering
system (5) corresponding to different delay upper bounds by
using the approaches proposed both in this brief and [1], which
are listed in Table II, from which one can clearly see that Propo-
sition 3 obtains much less conservative results than that in [1].
Especially, when h = 8, Proposition 3 yields the minimum H .,
level ymin = 8.25, and the corresponding filter parameters are
given in (33), whereas the method in [1] fails to make any con-
clusion, i.e.,

A B 1.3703  2.6098 —0.0528

f f | _| —0.4766 —0.7762 0.0081

Cy Dy —0.9806 —4.8336 |  1.5093
(33)

Connecting filter parameters (33) to the filtering systems (5)
and (32), we depicted the singular value curves of the transfer
functions at four vertices, which are shown in Fig. 1. Clearly,
all of the maximum singular values are less than 8.25, which
demonstrates the effectiveness of the proposed method in this
brief.
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Singular Values

Frequency (rad/s)

Fig. 1. Maximum singular value curves of the filtering transfer function at the
four vertices.

VI. CONCLUSION

The delay-dependent robust H., filtering for uncertain
discrete-time systems with time-varying delay has been inves-
tigated. By introducing a new finite sum inequality based on
quadratic terms, a new bounded real lemma (BRL) for the fil-
tering system has been obtained in combining with Lyapunov—
Krasovskii functional method. Neither model transformation
nor bounding technique for cross terms has been employed.
The new BRL has been modified to be an LMI, which enables
us to easily solve the H, filter. Finally, a numerical example
have been given to illustrate the effectiveness of the proposed
approach.
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