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On Stability of Recurrent Neural Networks—An Approach
From Volterra Integro-Differential Equations

Pingzhou Liu and Qing-Long Han

Abstract—The uniform asymptotic stability of recurrent neural networks
(RNNs) with distributed delay is analyzed by comparing RNNs to linear
Volterra integro-differential systems under Lipschitz continuity of activa-
tion functions. The stability criteria obtained have unified and extended
many existing results on RNNs.

Index Terms—Delay, recurrent neural networks (RNNs), stability,
Volterra integro-differential systems.

I. INTRODUCTION

In this letter, we consider the following recurrent neural network
(RNN) model

{ % =—-Dzx(t)+ B f; K(t— s)F(z(s))ds )
z(s) = ¢(s), =€ (ato), to2>0
which is the generalization of the most extensively studied model

dy

E?:_Dy+BF@y+Dw y(to) = Yo @)

by introducing distributed delay and translating equilibrium
to the origin, where x,y € R" are the state vectors, D =
diag(di,ds,...,d,) € R" ™ is a constant diagonal matrix
with d; > 0,B = [b;;] € R"™ ™ is a constant connection
weight matrix, v € R" is a constant input vector, the delay kernel

E(+)=[kij(+)] € L'(RT). F(+) = col(fi(+). fa( )y ful(+))
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is a vector-value activation function from R"™ to R™ and is assumed
to be of class GL or £ and F(0) = 0. If F € GL, then there exist (;,
such that Ve,y € Randz # y

filz) = fi(y)

T—y

0< <, i=1,2,...,n. 3)
If F € L, then there exist constants /;, such that Vo, y € R

[fi(z) — fi(y)| < lilz —y

. i=1.2,....n. @)

In the following we only consider the case of a = 0 or a = —oc. If
a = 0, the system has finite memory and one needs to deal with “uni-
form” stability. If a = —oo, the system has infinite memory. In practice
situations, the distant past usually has less influence compared to the
recent behavior of the state. The case of @« = —oo, which has drawn
the most concern in the neural networks research, is just a mathemat-
ical simplification.

In this letter, we will use the well-known results about linear Volterra
integro-differential equations and the nonlinearity nature of Lipschitz
continuity (3) or (4), to study the global uniform asymptotic stability
of (1). As we put different kinds of delays under one umbrella—dis-
tributed delay, it also provides a way to approximately consider the
delay dependency of the neural networks by choosing an appropriate
and easy-to-handle delay kernel.

II. VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS

Let C(a,o0)(a = 0 or a = —oc) denote the set of all continuous
functions : (a, c0) — R™ such that, for any + € R', the semi-norm

lelle = sup{le(s)] - 0 < s < 1)
is finite. Let B(-) € L'(R™) be a real matrix function.
Consider the following linear Volterra integro-differential equation

(9], [10]

e t
dil(tt) = Az(t) + / B(t— s)ax(s)ds )
for t > to with x(t) = ¢(t), where x(t) =

col(zi(t), x2(t), ..., xn(t)) € R™ with Euclidean norm
le] = (X7, #2)'/? and A is a real constant matrix, ¢ > t, and
x(t) = ¢(t)ona < t < to. The solution of (5) with initial values
(to, @) will be denoted by (¢, to, ®).

Notice that for « = —oo, (5) is autonomous. It follows that one
needs only to consider the case of @ = —oco with initial time ¢y = 0.
Moreover, stability and uniform stability are equivalent.

Let

Bij = / bi;(t)dt, ﬂj; = / |b;;(t)|dt and
J0 J0O

Ri =Y (lais| + 8i;).
j=1

Theorem 1: [9]: Let B(-) € L' and

laii + Biillark + Brr| > <Z lai; + 5u|> <Z lar; + ,Bk.i|>

i#i Fk
Q)
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foralli # k,and 7, k = 1,2, ..., n. Then the trivial solution of (5) is
uniformly asymptotically stable if for each ¢ = 1,...,n, either of the
following conditions holds:

D) @i <Oand |aii] > 3, laij| + 37, B

i) ai + G < 0,13 = fo f|bii(t)|(lf < oo and

T: < <|(ln + Bii| — Z(|a":j| + ,@,‘,j+)> /R;.
JF

To generalize the condition (i) of Theorem 1, we use M -matrix
theory to derive another sufficient condition which is weaker than (i)
but also guarantees the uniform asymptotic stability of the trivial solu-
tion of (5).

Using the properties of M -matrix and letting ¢;; = a.; + 3i; "
la:j| 4+ Bi;T,i # j, we can prove the following result.

Proposition1: TfB(-) € L*(R*)and —C = (—c¢;;) is an M -ma-
trix, then the trivial solution of (5) is uniformly asymptotically stable.

Proof: Noting that ¢;; > 0 (¢ # j), the matrix —C' has non-
positive off-diagonal elements; it is a possible candidate of an M -ma-
trix. From the properties of M -matrix, there exists a diagonal matrix
P = diag(pi,p2,...pn), (p: > 0), such that —C P is diagonally

dominant, that is
— CiiPi > Zcszj-
J#i

) Cij =

—c;; >0 and

As Bt > 0, the following hold

aii <O and Jaiilpi > Y laijlp; + Y B pi (D)
JE J

Let () be a solution of (S) and y(t) = P~ *x(t). Theny(t) satisfies

dy(t)
dt

:p*lAPy(t)+/P*IB(f—s)Py(s)ds. )

Clearly, the stability properties of (5) and (8) are equivalent. Following
the above inequalities from 3 -matrix that (8) satisfies the condition
(i) of Theorem 1. It is easy to prove the condition (6) in Theorem 1 for
(8) is true from [3;”; > |Bi;| and a simple estimation by using the strict
inequality of (7). Then the conclusion follows. O

We aim to use the results about Volterra integral-differential
equations to neural networks where nonlinearity is common. In the
remaining part of this section we will consider a class of nonlinear
Volterra-type integro-differential equations

{ d“(t) = Au(t) + F( f B(t—s)u(s)ds) t>ty >0
u(t) = ¢(t) fort < to
®

where F : C'(R) — R" satisfies F(0) = 0 and condition (4), under
which it can be proved that (9) has a global solution [8].
Now, consider the linear Volterra system

du(t) 0 rt
T Ax(t) —|—/a

with the same initial values as (9), where L is the Lipschitz constant
of F.

Proposition 2: If the trivial solution of (10) is uniformly asymptot-
ically stable, then the trivial solution of (9) is uniformly stable. If, in
addition, F'(-) € L and the conditions (i) of Theorem 1 or Proposition
1 to (10) hold, or F(-) € GL and the condition (ii) of Theorem 1 to
(10) holds, then the trivial solution of (9) is globally uniformly asymp-
totically stable.

LB(t— s)a(s)ds (10)
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Proof: Due to the equivalent of uniform stability and stability
between cases of @ = 0 and @ = —oo, we only prove here the case
of @ = 0. Suppose that (10) is uniformly asymptotically stable. Pick
numbers K and T, such that if ||¢||¢, < 1, then |x(t,t0,¢)| < K
for all t > to and |2(t + Tom + to,t0, @) < 1/m forallt > 0.
Let g(t) be a continuous, nonincreasing, positive function such that
g(t) = Kon0 <t < Th,and g(Th) = 1/(m — 1) form =
2,3,4,.... Then |z(t + to, ta, 9)| < g(t) — 0 ast — oc, whenever
to >0 and llo|l:;, < 1. For this g(t) there exists a function G( ) €

CY(RT).G(y) > 0.G'(y) > Oforally > 0,G(0) = G (0) =
0, G'(y) is increasing in y and for constant C' > 0, integrals

/ G(Cyg(s))ds and / G/(Cg(s))ds (11)
JO JO
are finite. Define a Liapunov functional [10]
Vito) = [ Gllats +tt0.0)) ds (12)
0

where x(t, tg, ¢) is the unique solution of (10) with initial value pair
(to, ¢). V(t, ®) has following properties:

1) V(t,¢) is locally Lipschitz continuous in ¢;

2) V(t,0) = 0,forallt > 0;

3) V(t.o) > wollo(t)]):

4) V(t.0) < —wi(le(t)]);
where wo(y) and w(y) are positive define continuous functions and
V(t, ¢) = limsup, o {V(to+ h, (-, t0.0)) — V(to, ¢)}/h is the
upper-right Dini derivative of V (t, ¢) with respect to (10).

We now use the same Liapunov functional to control the non-
linear (9).

Let ¢(t) = u(t, to, ¢) be any solution of (9). Then

V(t +to, )9y < V(t+t0,9)|(10) + CIP(t+1t0,0)]  (13)
where C' be the Lipcshitz constant for V (¢,

P(t,u)=F </t B(t — s)u(s)ds) - /t LB(t — s)u(s)ds.
0 0
(14)

¢) and

Since F(-) € £ and B(-) € L'(0,00), we have that P(t,-) € L.
Then the uniform stability of (9) follows from (13) and the proof is
similar to that in [10].

In order to prove the global uniform asymptotic stability of (9), we
need to show ¢(¢) uniformly tends to zero as t — oc.

Suppose that F'( - ) in (9) satisfies global Lipschitz continuality con-
dition (4). Then for u;(t) # 0 we have
AOL < it + 3l ()

FE

n ot
+Z,ej/ by (t = $)||us(s)]ds (15)
=t Ja

fori = 1,2,3,...,n, where L =
rlght Dini derlvatlve is used.
Using (12), we define a Liapunov functional

diag(f1,...,{,) and the upper

Vit ) = /000 Gly(s + 1)) ds (16)
with |
y() = i;m(m n Zf [ ([ 3 0 ) .
(17)
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By calculating the upper-right Dini derivative of V (¢, 1) with re-
spect to (9), we have

V(t, )0 =/O G’(y)dzflit)

- / G (y) D Nlvi(0)|ds
0 =1

where \i = [aii| =32, lai|+6 300, 3$ It follows from (18) and
Theorem 1 that V'(#,¢) is bounded. As G(Y_7_ | |&:(t)]) < G(y(t)),
so, G(YI, [vi(t)]) € L'(0,00). From the definition of G(- ), we
have |+; (¢)| uniformly tends to zero as t — oo.

Suppose that F'(-) € GL in (9) and the condition (ii) in Theorem 1
is satisfied, then for v, (¢) # O we have

d|1i;1$t)| < agifui ()] + g aijllu; ()]
FE

¢
—1—1@-/ bii(t — 8)|ui(s)|ds

IN

(18)

t
+ fj/ |bij(t — s)||u;(s)|ds. (19)

oy a
A simple modification of Liapunov functional (16) will work in the
same way, and we omit the details here. As for the conditions in Propo-
sition 1, we may achieve the conclusion just by multiplying p; to y(?) in
(17) and to follow the same arguments. The proof of the case a« = —oo
can be repeated step by step as above.

Form Proposition 2, the sufficient conditions for the stability of a
linear Volterra system in Theorem 1 and Proposition 1 can be used
to determine the global stability of linear system (10), and through it
to (9).

III. RECURRENT NEURAL NETWORKS

In this section, we will apply the results from previous section to
study the global uniform asymptotic stability of RNNs.

As indicated in the previous section, there is no difference for a = 0
and @ = —oo on the stability of linear Volterra systems, except that
the stability of case @ = —oo is equivalent to the uniform stability of
case @« = (. In order to compare the existing results for the RNNs, in
the following, we only consider (1) with @ = —oo and the results will
also be valid for other case. If the results apply to (2), we have assumed
w = 0, and no confusion should arise.

If F € L in (1), by applying Theorem 1, Propositions 1 and 2, we
have the following results.

Corollary 1: The trivial solution of (1) and (2) is globally asymp-
totically stable if

di 2 ) iy, i=1.2,...n. (20)

=1
Proof: Taking K;;(s) = 6(s) and verifying the condition (i) of
Theorem 1. ]

Corollary 2: The trivial solution of (1) and (2) is globally
asymptotically stable if D — (|bi;|)L is an M-matrix, here
L = diag(f1,..., ().

Corollary 3: [7]: The trivial solution of systems (1) and (2) are
globally asymptotically stable if d; > 0 and there exist p; > 0, (i =
1,2,...,n) such that

dip; > Z |bijl;p5
J

or

n

pid; > pilbis|t.
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Remark 1: The condition which is similar to Corollary 1 has been
seen in the Theorem 2 in [4] and many people have generated it by using
M -matrix. The results of Corollaries 2 and 3 are the same condition
as Theorem 4 in [7] for delay-free system and Theorem 1 in [2] and
basically are the same as Theorem 5 in [13], the condition (H2) in [3]
and conditions in [15]. We notice that some of these conditions also
guarantee the global exponential stability (GES) ([7], [11], [15]) and
believe that the uniform asymptotic stability of (5) is of GES if there
exists A > 0, such that e**|B(t)| € L' (R™).

IfF € GLin(1),let E(T) = [ t|ki;(t)|dt denote the expectation
value of ¢ with absolute of synapse filter k;; (), then applying Theorem
1, Propositions 1, we have the following results.

Corollary 4: The trivial solution of (1) is globally asymptotically
stable if fori = 1,2,...,n

Di = —d, + {(;bi; / |kii(t)] < 0, 21
0

and

Di - Zj#i |bij|¢;
i [l

Proof: Just verifying the condition (ii) of Theorem 1. |

Corollary 5: The trivial solution of (2) is globally asymptotically
stable if

E(T) < — (22)

di—/gbiizzwwi, i=1,2,...,n. (23)
JF
Proof: Verifying (22) of Corollary 4 or directly verifying the con-
dition (i) of Proposition 1. O
Corollary 6: The trivial solution of
x(t )

d;i ) — _Da(t)+ BF(a(t - 7)) (24)

is globally asymptotically stable if for¢ = 1,2,....n

di — bl = > . |bis|l;
< . z‘];él |bi; 1€ (25)
2]:1 |bij|€j

Proof: Taking K;;(s) = &(s — 7;) and verifying (22) of
Corollary 2. O
Applying Proposition 1, we have.
Corollary 7: The trivial solution of (2) is globally asymptotically
stable if D — diag(€1b11 -+ £nbnn) — (1bij])i; L is an M -matrix.
Corollary 8: The trivial solution of (2) is globally asymptotically
stable if d; > 0 and there exist p; > 0, (i = 1,2,...,n) such that

(di — L:bis)p: > Z bis€ip;
J#
or
pi(d; = (bj5) >y pilbilti.
1#j
Remark 2: The conditions in Corollaries 5, 7, and 8 have been seen
in many papers for differently defined activation functions ([1], [5]),
except that the inequalities (23) here are not strict. Corollary 4, Corol-
lary 6, and the following Corollary 9 are valid for F' € GL and their
conditions are delay-dependent, and have not been seen in the literature
by such an explicit and intuitive way.
Consider another popular RNN model

de R
i —Dz+ F(Wz +u),

which is equivalent to (2) if WD = DW and W is nonsingular ([6],
[7]). Similarly, the generalization of (2) can be written as

(26)

I(to) = X0

{ L0 = ~Da(t)+ F (B[ K(t= 9)a()ds)

z(s) = ¢(s), € (a,to), to>0.
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Applying Theorem 1, Propositions 1 and 2, we can derive another set
of conditions that are very similar with Corollaries 1-8 except in the
inequalities (s are out of the sum sign.

The previous results are based on the fact of D > 0, the self-regula-
tion of negative feedback of each neuron. Letting F(z) = aF(x) +
3 F>(x) and choosing appropriate & function as delay kernel from (1),
we can obtain the delayed cellular neural networks (DCNNs) ([1], [14])

da(t) _
p7 7))
where the nondelayed items may contribute to neurons self regulation
or interactions. We can still apply our results in Section II to compare
the neural networks under consideration to some suitable linear systems
according to the class of Lipchitz activation functions.
The following example was considered by Cao and Wang [1] without
delays. Suppose that K (-) € L' (R"). Then we modify this example
in the following form

230 = T (6) + 20 ([ Ri(t = ) (s)ds)
+8f2 (fioo ka(t — s)x2(s) ds)
20 — 11wy (t) 4 21 (fioo o (t — s):l'1(.s)cls> (29)

—5f (fiao ko(t — s)za(s) (ls) R
x1(s) = 91(s), 22(s) = d2(s),5 € (=00, 7), 7 2 0
7T 0 2 8 . . ;

where D = [0 11], = [2 _5]and fi = =i = 1,2).
Clearly, f; € L is unbounded and Lipschitz continuous with the
L1psch1tz constant k; = 1. We can check that D — L(|bi;])2x2 =

5
[—2
of (29) is globally asymptotically stable.

Now, we further modify the above example to a DCNN model (28)

= —Dux(t) + E1Fi(x(t)) + E2 Fo(2(t — (28)

] is an M -matrix. Hence, by Corollary 2 the trivial solution

by letting
n=[5 )]
st = [t
By = _22 _%5}
R = [ =)

Obviously, Fi, F» € GL.Itiseasy to check D—(|E(|) K — (| E2|)L =

-3 —(1/2
[ -8 4
applied for (28), where k = L = diag(1,1). By using Dini derivative
and the properties of function class G L, we have

e < (1) — 200 (t— 71) + Laa(t — 1)
A2 < 6], ()] — 9o (1) — 2|21 (t — T1)| — Baa(t — 7).
(30)

) ] is not an M -matrix, so the Theorem 3 in [1] cannot be

Following from Proposition 2 and checking the condition (ii) of the
Theorem 2, we can claim that when

the DCNN system is globally asymptotically stable.
For some cases, one can use a special distribution function to de-

scribe the special delay effects approximately. Other useful delay ker-
nels are given by Gamma density function

H
Jeomti=

(3N

INIA

1

k],]("?)(ﬁ) — Jii m>0, s>0 (32)
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or its linear combinations, where
oo
T(m)= / e, m >0
0

is the I'-function and +;; are real constants. From Corollary 2, we have.
Corollary 9: Let delay kernel be in the form of (32). Then the trivial
solution of (1) is globally asymptotically stable if foralli = 1,2,...,

Zj# [bis1€;
1 |bii 165

m _ di —biili —

e -
Yii T i

(33)

IV. CONCLUDING REMARKS

Sufficient conditions have been derived for the GAS of the equilib-
rium of recurrent neural networks with distributed delay by applying
the theory on Volterra integro-differential equations. The conditions,
which lead to GAS, also guarantee the uniqueness of the equilibrium.
Thus, we can avoid the difficulties on proving the uniqueness of the
equilibrium, which forms the underlying basis for ad hoc constructing
of special Liapunov functions or functionals.
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