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Abstract—This paper deals with a class of optimization prob-
lems by designing and analyzing a finite-time particle swarm
optimization (FPSQO) algorithm. Two versions of the FPSO
algorithm, which consist of a continuous-time FPSO algorithm
and a discrete-time FPSO algorithm, are proposed. Firstly, the
continuous-time FPSO algorithm is derived from the continuous
model of the particle swarm optimization (PSO) algorithm by
introducing a nonlinear damping item that can enable the
continuous-time FPSO algorithm to converge within a finite-
time interval and a parameter that can enhance the exploration
capability of the continuous-time FPSO algorithm. Secondly, the
corresponding discrete-time version of the FPSO algorithm is
proposed by employing the same discretization scheme as the
generalized particle swarm optimization (GPSO) such that the
exploiting capability of the discrete-time FPSO algorithm is
improved. Thirdly, a Lyapunov approach is used to analyze the
finite-time convergence of the continuous-time FPSO algorithm
and the stability region of the discrete-time FPSO algorithm is
also given. Finally, the performance capabilities of the proposed
discrete-time FPSO algorithm are illustrated by using three well-
known benchmark functions (global minimum surrounded by
multiple minima): Griewank, Rastrigin, and Ackley. In terms
of numerical simulation results, the proposed continuous-time
FPSO algorithm is used to deal with the problem of odor source
localization by coordinating a group of robots.

I. INTRODUCTION

In the last decade, particle swarm optimization (PSO) as a
kind of swarm intelligence techniques has been widely studied
[12], [14]. Empirical evidences have been accumulated to show
that PSO is a useful tool for optimization problems [14].
Due to lacking precision in a local search solution, an inertia
factor w in the velocity updating equation is introduced into
the original version of PSO [5], [10], which gives rise to a
commonly used form of PSO described by

vilk+1) = f(vi(k),ui(k))
with
fi(k),wi(k)) = wvi(k) + wi(k) ()
ui(k) = (k) —xi(k)) + aa(xy (k) —xi(k)) 3)
where vi(k) = (wvi(k) wva(k) vn (k) )T (i =
1,2,---,N) is a velocity vector; u;(k) is a control vector;
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x;(k) denotes previously best position of the i" particle;

x4(k) refers to the globally best position of the swarm; w is the
inertia factor; IV is the number of particles; f : R" X R" — R"
is a map and o; (j = 1,2) is a random parameter, called
acceleration coefficient.

The study of the PSO algorithm generally falls into two
categories, namely, performance improvement [7], [11] and
stability analysis [2], [8], [10]. For performance improvement,
the PSO algorithm is modified based on the characteristics of
optimization problems such that it can efficiently deal with
a class of optimization problems, e.g. the problem of odor
source localization [11] and the problem of vertical electrical
sounding [7]. For stability analysis, several tools from the
linear system theory and nonlinear system theory, such as
a Lyapunov approach and a passivity approach, are used to
analyze the convergence of a particle swarm [2], [8], [10]. It
is worth mentioning that, given a control law u;(k) in (3),
current stability analysis in the references [2], [8], [10] can
guarantee the convergence of the particle swarm under several
assumption conditions when k — oo, that is, the references
[21, [8], [10] describe several asymptotically stable conditions
for the particle swarm.

There exists a class of optimization problems, which is a
type of ill-posedness (a global maximum surrounded by multi-
ple maxima) and usually requires the designed PSO algorithm
to satisfy several conditions, such as accurate localization
and robustness against uncertainties. In other words, from
the aspect of performance improvement, the designed PSO
algorithm is required to enhance its exploration capability
and robustness against uncertainties; On the other hand, from
the aspect of stability analysis, the designed PSO algorithm
converges within a finite-time interval such that it can adapt
the position magnitude to accurately locate the optimum [7].
It should be pointed out that odor source localization belongs
to this class of optimization problems, which is stated in
[11]. For the problem of odor source localization, the multi-
robot system repeats to perform the process of “prediction-
localization-prediction” in order to search for the odor source.
Accordingly, the designed PSO algorithm coordinates multiple
robots to predict the position of odor source through swarm
information and individual information. And then, at the
localization process, the multi-robot system will explore and



exploit the search space to trace the odor clues. Finally, within
a finite-time interval, the multi-robot system will accurately
locate the target position. Therefore, in order to guarantee the
finite-time convergence of the particle swarm and to enhance
the search ability for the class of optimization problems, how
to design a finite-time control law wu;(k) in (1), i.e., how to
develop a finite-time particle swarm optimization algorithm is
the motivation of the current study.

Due to several advantages including higher control
accuracy, better disturbance rejection and robustness against
uncertainties [1], the design of finite-time controllers for the
system of multiple agents has received a growing interest
from researchers and engineers [3], [15]. The idea in this
paper is in part from the work on the design of finite-time
controllers for the multi-robot system [3], [15] and from
the study of swarming behaviors [4], [13]. Hence, we will
first propose a continuous-time FPSO algorithm, which is
derived from the continuous model of the PSO algorithm
by introducing a nonlinear damping item that can enable
the continuous-time FPSO algorithm to converge within
a finite-time interval and a parameter that can enhance
the exploration capability of the continuous-time FPSO
algorithm. Then, we will propose a discrete-time FPSO
algorithm, which is obtained by using the same discretization
scheme as the GPSO algorithm [9]. Next, we will analyze
the finite-time convergence of the continuous-time FPSO
algorithm by employing a Lyapunov approach and give a
convergence region of the discrete-time FPSO algorithm.
Finally, we will illustrate the performance capabilities of
the discrete-time FPSO algorithm in terms of three well-
known benchmark functions (global minimum surrounded by
multiple minima): Griewank, Rastrigin, and Ackley. In terms
of the results of the numerical simulation, we will use the
continuous-time FPSO algorithm to deal with the problem of
odor source localization by coordinating a multi-robot system.

Notation: [y denotes the index set {1,2,...,N}. Let
sig(r)® = sign(r)|r|*, where 0 < a < 1, r € R, and sign(-)
is the sign function.

II. THE CONTINUOUS MODEL OF THE PSO ALGORITHM

In this section, we will briefly describe the continuous mod-
el of the PSO algorithm, which will be used to derive the FPSO
algorithm in the later section. Since the dynamics of each
dimension of particles is independent of others, we assume that
n = 1 without loss of generality in the following. Therefore,
the stochastic differential model of the PSO algorithm, i.e. the
continuous model of the PSO algorithm, can be given as

Zi(t) + (1 — w)&i(t) + axi(t) = arz(t) + agxy(t) 4
with

a = a1+ o

where z;(t) and z4(t) are the trajectories of the local and
global best positions associated with the i"(i € i) particle,
respectively; o; (j = 1,2) is a random variable; x;(0) and
#;(0) are the initial states at time ¢ = 0.

This continuous PSO model is derived by Fernandez
Martinez et al. [9] (2008) in terms of physical analogy
with a damped mass-spring oscillator. We use the following
discretization scheme in (5), and then introduce it into the
stochastic differential model of the PSO algorithm in (4).

Fi(t) = NE )
In one case that is At =1 and ¢ = k, we have
zk+1) = —(a—w-1az(k)—wzlk—1)
+oarxi(k) + aszg(k) 6)
with
1‘1(0) = X0
z; (1) = (1—a)zg+wu

G+ (0) + aoxy (0)

It is worth noting that the difference form of the PSO
algorithm in (6) can be rewritten in terms of the position
and velocity. Consequently, we can derive the most commonly
used form, which is presented by (1).

In another case that is At > 0, the GPSO algorithm [7] can
be obtained as

zi(t+At) = mai(t) +yexi(t — At)
+A (arz1 (k) + aowy(k)) (7
with
1 o= 2—(1-w)At—aAt?
v = (1-w)At—1

We rewrite the equation (7) based on the position and
velocity (z;(t),v;(t)) as

vi(t+A) = (1—(1—w)At)v(t)
a1z(t) + aoxy(t) _
+alt < o1+ o - xz(t)>

As pointed out by Fernandez Martinez et al. [9] (2008), the
particle swarm movement controlled by the GPSO algorithm
becomes more elastic and less damped when At — 0.

III. A FINITE-TIME PSO ALGORITHM

In this section, according to the continuous model of the
PSO algorithm, we will first give a continuous-time FPSO
algorithm, and then present remarks about parameters intro-
duced by the continuous-time FPSO algorithm. Finally, we
will derive a discrete-time FPSO algorithm.
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Fig. 1. The convergence curves of the system states in (11) (w = 0.8,
a =6, y1(0) =5, and y2(0) = —9).

A. A Continuous-time Model of the FPSO Algorithm

We introduce the oscillation center p;(t) as

t t
pip) = cniron () ©

Let &(t) = z;(t) — pi(t) and introduce &;(t) into the
continuous model of the PSO algorithm in (4). We have

Ei(t) + (1 = w)&i(t) + a&i(t) = —pilt) — (1 —w)pi(t) (10)

Moreover, set y;(t) = &(t) and ya(t) = & (t). Then, the
equation (10) is rewritten as

Y1 (t) Y2 (t)
92(t) = —(1—w)ya(t) —ayi(t)
—(1 —w)pi(t) — pi(t) (11)

In the stagnation case (p;(t) is stable), the system described
by (11) is asymptotically stable at the origin when ¢ — oo , if
the parameters w and « satisfy w < 1 and o > 0, respectively.
Figure 1 illustrates the asymptotical stability of the system
given by (11).

In what follows, we first present the definition of the finite-
time stability [1].

Definition 1: Consider the system y = f(y(¢)). The origin
is said to be a finite-time-stable equilibrium if there exists an
open neighborhood A" C D of the origin and a function T :
N\ {0} — (0,0), such that for every yo € N\ {0}, y(¢) is
defined for ¢ € [0,T(yo)], y(t) € N\ {0}, for ¢t € [0,T(yo)],
and lim,_, 7y, y(t) = 0. If D =N = R, the origin is said
to be a globally finite-time-stable equilibrium.

Next, we provide a nonlinear finite-time PSO algorithm. In
order to enable the states of the system (11) to fast converge
to the origin and enlarge the magnitude of state oscillation, a
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Fig. 2. The convergence curves of the system states in (12) (w = 0.8,
a=6,a=0.5 6=19,v=0.5y1(0) =5, and y2(0) = —9).

nonlinear damping item and a parameter v are added into the
system (11) as:

Y2 (t)

— ((1 —w)ya(t) + ay (ﬂ)

n(t) =

U(t) =

—Psig <(1 —w)y2(t) + ay (t)>

—y(1 —w)pi(t) — pi(t) (12)

where 0 <a<1,8>0,and 0 <y < 1.

It is obvious that if 8 = 0 and v = 1, then the system
described by (12) becomes a linear system (11), which was
studied by Fernandez Martinez et al. [9] (2008). Hence, the
system (11) can be regarded as a special case of the system
(12). Figure 2 illustrates the convergence of the system states
in (12) under the same parameter values w, « and initial states
y1(0), y2(0) in the stagnation case.

By letting y1(t) = &(t) and yo(t) = &(t), the system (12)
can be written as

L)+ —w)(t) = —yoki(t)
—Psig ((1 — w)&i(t) + ag; (ﬂ)

—pi(t) — (1 — w)pi(t) (13)

Moreover, by setting &;(t) = x;(t) — pi(t), the continuous-
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Fig. 3. The curve of the average oscillation magnitude for the parameter
~ for the system state y2(¢) in (12) (w = 0.8, a = 6, a = 0.5, 8 = 0.1,
y1(0) = 5, and y2(0) = —9).

Time

Fig. 4. The curve of the convergence time for the parameter 5 for the
system state y2(t) in (12) (w = 0.8, « =6, a = 0.5, v = 1, y1(0) = 5,
and y2(0) = —9).

time FPSO algorithm is presented by

Ei(t) + (1 —w)ai(t) = —yelxi(t) —pi(t))

—fsig <(1 —w)(&i(t) — pi(t))
+a(i(t) _Pi(t))> (14)

The continuous model of the FPSO algorithm is a globally
finite-time stable, if the five parameters (w, «, a,y, 3) fall into
the following set (15), which will be proved in the next section.

Q. = {(W7047aa’775)1w<1,oz>0,

0<a<1l,0<y<1,8>0} (15)

It should be pointed out that the parameters «v and S can
control the oscillation magnitude and the convergence speed
of the state trajectory of the particle, respectively. Decreasing
the parameter v means the increase of average oscillation
magnitude while increasing the parameter 5 means the de-
crease of the convergence time, which is shown in Fig.3 and
Fig.4, respectively. Therefore, the proposed continuous-time
FPSO algorithm can provide a flexible mechanism to control
“elasticity” and “magnitude” such that this algorithm can
efficiently control the particle swarm to explore the optimum,
exploit the optimum, and locate the optimum.

B. A Discrete-time Model of the FPSO Algorithm

We discretize the system (14) to derive the discrete-time
model of the FPSO algorithm by employing (5) and

pi(t) — p(t — At)
At

pi(t) =~ (16)

The discrete model is described by

zi(t+ At) = ya;(t) + yoxi(t — At)
+y At ap; (t)
—Psig <73a:¢ (t) — vspi(t)
=i (t — At) + vapi(t — At)) 17
with
o= 2=l —w)At — yaAt?
Yo = Y(l-w)At—1
v = (1-w)AtT +aAts
v = (1-— w)AthTa

Based on the forms of the position and velocity, the discrete-
time model of the FPSO algorithm is given by

vit+At) = (1 —~(1—w)Ab)v(t)
+yalt (pi(t) — (1))
—Psig <78$z' (t) — vspi(t)
+y70i(t) + vepi(t — At))
ZT; (t + At) = Ij (t) + v; (t + At)At (18)
with
v = (1—w)At = +alte
v% = (1-— w)Atlza
v = (1- w)At%
g = aAtw

In order to illustrate the convergence of the position and
velocity for the discrete PSO algorithm, the GPSO algorithm
and the discrete-time FPSO algorithm, respectively, we set
pi(t) = 0. The corresponding results can be seen in Fig.5,
Fig.6, and Fig.7. From Fig.5 (b) and Fig.6 (b), one can see that
the position change for the GPSO algorithm becomes more
elastic and there exist more sampling points than the discrete
PSO algorithm. But, the magnitude of position oscillation for
the GPSO algorithm is smaller than that of position oscillation
for the discrete-time PSO algorithm, which can result in a
weak exploration for the search space. It is worth mentioning
that the discrete-time FPSO algorithm provides a mechanism,
that is, the attenuation of swarm movement and the magnitude
of position oscillation are controllable through adjusting the
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Fig. 5. The convergence curves of the states of the basic model of the
discrete PSO (w = 0.8, « = 2.2, 8 =0,v=1, At =1, z;(0) = 5, and
v;(0) = —9).
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Fig. 6. The convergence curves of the states of the generalized model of the
discrete PSO (w = 0.8, « = 2.2, 8 =0, v =1, At = 0.5, z;(0) = 5, and
v;(0) = —9).

parameters 8 and ~y, which can be seen in Fig.7 (b). Therefore,
the proposed discrete-time FPSO algorithm provides a flexible
tool for a class of optimization problems.

Remark 1: In this paper, we only consider the stagnation
case. For the moving center p;(¢), we will deal with it in the
near future.
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Fig. 7. The convergence curves of the states of the finite-time model of the

discrete PSO (w = 0.8, a« = 2.2, 8 = 0.5, v = 0.5, At = 0.5, z;(0) = 5,
and v;(0) = —9).

IV. STABILITY ANALYSIS

In this section, we will prove the finite-time stability of
the continuous-time model of the FPSO algorithm and give a
convergence region of the discrete-time model of the FPSO
algorithm. Before giving the convergence proof, we have the
following lemma [1].

Lemma 1: Suppose there exists a continuously differen-
tiable function V : D — R, real number k& > 0 and a € (0, 1),
and a neighborhood U/ C D of the origin such that V is
positive definite on ¢/ and V+EVeis negative semidefinite
on U. Then the origin is a finite-time-stable equilibrium of the
system y = f(y(¢)). Moreover, if T is the settling time, then
T(yo) < ﬁ‘/(yo)ka for all yo in the open neighborhood
of the origin.

Proof: This proof can be found in [1]. O

Based on the Lemma 1, Lyapunov analysis provides the
following global convergence result.

Theorem 1: Consider the continuous-time model of the
FPSO algorithm (14) with (w,a, a,7, 8) € Q. in (15). If the
oscillation center p;(t) is stable in the stagnation case, i.e.
pi(t) = p*, then the p* is a globally finite-time-stable equilib-
rium of the continuous-time model of the FPSO algorithm
(14). Moreover, the continuous FPSO algorithm converges

0 (1+a)v(0)%

within a finite-time interval T
a)

Proof: This theorem is proven through the following two
steps.
Step 1: Transfer the equilibrium p* of the system (14) to
the origin.
Introduce &;(t) = x;(t) — p;(t) into (14) and set y1(t) =
&i(t), y2(t) = & (t). Hence, we can obtain the system (12).
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Fig. 8. Success rates for the Griewank function for PSO, GPSO, and FPSO.

Since the p;(t) is stable in the stagnation case, the system
(12) can be written as

n@) = v2(t)
Y2(t) = —7¢a — Psig(da)”

for every a € (0,1), where ¢ = (1 — w)y2(t) + ay1(t).
If the origin (0, 0) of the system (19) is a finite-time-stable

equilibrium, z;(¢) will reach p* in finite-time.
Step 2: Choose a Lyapunov candidate as

Bl —w 1—w
( ) |¢a|a+1 4 '7( )
a+1 2

a(l —w)

ol ) 2

Obviously, V(¢) > 0 and along the closed-loop trajectories,

we have

dv(t)

dt

19)

V() = o

+ (20)

= ﬁ(l - W)Sig(d)a)ad)a + 7(1 - W)¢a§i)a
+a(l — w)y292
= —(1-w)?(y¢a + Bsig(da)")?

Given initial state y1(0) and y2(0), if there exists & > 0 such
that

2y

v
T

—kV ()=t

o
omega

(c) FPSO At = 0.5, v = 0.5, 8 = 0.01

Fig. 9. Success rates for the Rastrigin function for PSO, GPSO, and FPSO.

By lemma 1, V(¢) will reach zero in finite-time ¢* =
1

VO TF | hich implies that y (¢) and y2(t) will be zero.

k(l—a)
dv (1)
Suppose that V' (¢) # 0. Let Ty = ——2—. Therefore,
V(t)T+a
(1= w)(vPa + Bsig(da)*)?
Tl - 2a
1+a
p1l¢a|"tt + p202 + psy3
(- w)(y6 + Aia(8)")?
= 2 22 _da_ 2o _da_
P @al?® + po " [Pa| THE + pg T [y2| T
024324 |2a
> (1 j) B Ijl —
P @al?® + po " [Pa| THE + pg T [y2| T
2 Ta(yi,y2)
where p; = ﬂs_;f’), p2 = 7“;‘”, and p3 = @; The
second inequality follows from the fact that ¢, = sig(¢,).
Let x = {¢ € R? : o0y < ¢l < 11C(0)]]oc}

where || - ||co is the maximum norm. If x # (), then it is
compact, and for any [y1,%2]7 € x, Ya(y1,y2) # 0. Hence,
ki = min[yhyz]TeXTg(yl,yg) exists, and is larger than zero.
On the other hand, if x = (), we have 0 < ||[y1,92]" ||co <



ie., 0 <|@q| <1 such that

1
maz{l—-w,a}’

21 _ )2 2a
To(y,y2) > A ) i Er
PO 2|¢a|?® + [yo| T

where po = max{p;"*, po**, p37* }. Moreover, there exists a

constant ks(w, o) that satisfies |y2|1+% < ka|¢q|. Hence,

B2(1 - w)? |0
Ta(y1, >
Q(yl y2) 00 2|¢a|2a + k2|¢a|2a

_ A -wy?

po(2 + k2)
Let k = min{k1, %} The step 2 is finished. Since
V(t) is radially unbounded and V() is negative definite,
global stability holds. (]

For the discrete-time model of the FPSO algorithm, a
conservative convergence region will be given in the following
without the proof due to page limits.

2
{(w,oz,a,’y,ﬁ):l—A—t’y <w<1,

2Aty(w —1) + 4
~yAE? ’
0<a<l,0<y<,
0.01vy

0<h< At2(1 —w)“}

Remark 2: The above convergence region (22) only shows
that the proposed discrete FPSO algorithm will converge to an
equilibrium within a finite-time interval. But the equilibrium
may be an optimum or not. It should be pointed out that the
parameters /3 and v can improve the exploring and exploiting
ability of the proposed discrete FPSO algorithm (see III-B).
As a consequence, the proposed discrete FPSO algorithm can
find the optimum with a higher success rate.

Qq =

I<a<

(22)

V. SIMULATION RESULTS

In this section, we will illustrate the performance capabili-
ties of the proposed FPSO algorithm through three benchmark
functions and the problem of the odor source localization.

A. Benchmark Functions

In this subsection, we will run several numerical simulations
in order to test the performance capabilities of the proposed
discrete-time FPSO algorithm. Three benchmark functions
with two dimensions including Griewank, Rastrigin, and Ack-
ley which belong to a type of ill-posed optimization problems
(global minimum surrounded by multiple minima), will be
used. A similar analysis has been done for the PSO case
and the GPSO case [7], [9]. During the simulations, the max
function evaluation is limited to 4000 (the population size is
40). In terms of the values of the parameters w and « that
satisfy the stability region of the corresponding algorithms
(see triangles of Fig.8, Fig.9, and Fig.10; PSO algorithms
0 <a<i4 -1 <w < 1; CPSO algorithms 0 < a < 16,
—3 < w < 1; FPSO algorithms 0 < o < 32, -7 < w < 1)
the success rates over 100 simulations (within a tolerance of

alpha

0
omega

(a) PSO

V/J“' %\§

A\
il .

(c) FPSO At = 0.5, v = 0.5, 8 = 0.01

Fig. 10. Success rates for the Ackley function for PSO, GPSO, and FPSO

10~%) are shown in Fig.8, Fig.9, and Fig.10 for Griewank,
Rastrigin, and Ackley respectively.

From Fig.8, Fig.9, and Fig.10, one can see that the conver-
gence region of the discrete-time FPSO algorithm increases
in size due to the impact of the parameter v and the best
parameters move towards decreasing inertia and increasing
accelerations. Moreover, one can also see that the proposed
discrete-time FPSO algorithm can obtain the higher success
rates within a wider range of parameters. Hence, the discrete-
time FPSO algorithm provides a flexible mechanism of
parameter choice to obtain the better results.

B. Odor Source Localization

The problem of odor source localization has been described
in [11]. The readers can refer to [11] and the references therein.
In this subsection, we will compare the search efficiency of the
multi-robot system coordinated by the proposed continuous-
time FPSO algorithm given in (14) with the continuous-time
PSO algorithm stated in (4). Moreover, we adopt an odor
model, proposed by [6], to establish a simulation environment
which parameters are the same as those used in [11].

Table I shows the success rates based on 50 runs and Figure
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Fig. 11.  The results of the problem of odor source localization for the continuous PSO algorithm (w = 0.2, = 8, the parameters are set based on the
numerical simulation results that are not listed due to page limits) and the continuous FPSO algorithm (w = —0.2, « = 16, 5 = 0.01,y = 0.5)
TABLE I . . ..
THE SUCCESS RATES (%) BASED ON 50 RUNS was supported by the Natural Science Foundation of Zhejiang
Province, China, under Grant Y1090426 and Grant Y1100954.
Algorithms 5 robots 10 robots 15 robots 20 robots
REFERENCES
PSO 54 78 72 74
FPSO 76 9 90 38 [1] S. P. Bhat and D. S. Bernstein, “Finite-time stability of continuous

11 (a) illustrates search time for the continuous-time PSO and
FPSO algorithms. Moreover, since path length denotes the
energy consumed by robots, the shorter path length means the
better search performance. From Fig.11 (b), one can see that
robots coordinated by the continuous-time FPSO algorithm
consume the lesser energy than those coordinated by the
continuous-time PSO algorithm.

VI. CONCLUSION

A finite-time particle swarm optimization (FPSO) algorithm
has been proposed. Two versions of the FPSO algorithm: the
continuous-time FPSO algorithm and the discrete-time FPSO
algorithm have been given. For the continuous-time FPSO
algorithm, we have introduced a nonlinear damping item and
a parameter into the continuous model of the PSO algorithm
such that the continuous-time FPSO algorithm can converge
within a finite-time interval and its exploration capability can
be improved. For the discrete-time FPSO algorithm, we have
used the same dicretization scheme as the GPSO algorithm
to derive it. Moreover, we have used the Lyapunov approach
to analyze the convergence of the continuous-time FPSO
algorithm and given a stability region of the discrete-time
FPSO algorithm. Finally, this study has shown the performance
capabilities of the proposed FPSO algorithm through numeri-
cal simulations on the benchmark functions and the problem
of odor source localization.
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